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Abstract

The objective of this paper is to evaluate three alternative formulations for simulating the steady-state flow and chemistry
in a honeycomb channel for conditions that are typical of the catalytic combustion of natural gas. In developing simulation
capabilities, it is important to understand the physical and computational accuracy that a model can deliver and the compu-
tational resources required to do so. Direct comparison of the solutions, using three different model formulations, reveal the
range of validity of the various approximations. Computation times range from hours for the Navier–Stokes formulation to
seconds for the plug-flow models. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Catalytic combustion is emerging as a viable tech-
nology to achieve ultra-low emission of NOx in
applications like gas turbines for electric-power gen-
eration [1]. The combustor designs typically call for
monolith systems that offer high catalyst area yet low
pressure drop.

Design and control of honeycomb-type catalyst
monoliths will be facilitated by the development
and application of predictive models. All such mod-
els must consider heterogeneous chemical kinetics
and transport, as well as possibly some homoge-
neous chemistry. Depending on the flow conditions,
certain approximations and simplifications may be
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appropriate in representing the heat and mass trans-
port. The most comprehensive models are based on
solving the complete Navier–Stokes equations, con-
sidering both axial and radial mass, momentum, and
energy transport. However, such models are com-
putationally expensive, as well as being difficult to
develop and often difficult to use. Plug-flow models,
on the other hand, are relatively simple to write and
easily solved on a personal computer. Since no dif-
fusive terms remain, the plug-flow equations form
a differential-algebraic-equation (DAE) initial-value
problem for the axial variation of the mean species
composition. An intermediate alternative is to base
models on the boundary-layer equations, wherein ax-
ial (flow-wise) diffusive transport is neglected, but
detailed transport to and from the channel walls is
retained. These models represent a very significant
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reduction in computational expense compared to a
Navier–Stokes formulation but an increase in compu-
tational expense relative to the plug-flow model.

The Navier–Stokes model discussed here is based
on the FLUENT software [2], using its user-subroutine
interfaces to specify the heterogeneous chemical-
reaction mechanism on the channel walls [3]. The
FLUENT software implements a finite-volume ap-
proach [4]. The boundary-layer equations are cast as
a system of DAEs by the method-of-lines approach
[5]. These are then solved using the DASSL soft-
ware [6]. The plug-flow model [7] is also solved
using the DASSL software. The chemistry in both
the boundary-layer and plug-flow models is handled
through CHEMKIN interfaces [8–10]. The models
are quite general in the sense that they can accept
alternative chemical-reaction mechanisms and flow
conditions.

The results reveal that the boundary-layer and
Navier–Stokes models are in excellent agreement
over a wide range of flow conditions. The plug-flow
model, however, must be used with caution. Under
some flow conditions, where the catalytic reaction
is mass-transfer limited, the plug-flow model sig-
nificantly overpredicts the conversion rates. The
Navier–Stokes model can take as long as a few hours
to converge to a solution, depending on how the itera-
tion is begun. The boundary-layer model, which uses
a single-pass marching algorithm from inlet to outlet,
produces a solution in a few minutes on a workstation.
The plug-flow models require only a few seconds of
computation time, but the range of applicability is
limited.

Fig. 1. Illustration of a catalytic honeycomb monolith and an enlarged view of the single-channel model problem. In the model problem,
the channel diameter (d = 2 mm) is much smaller than the channel length (L = 100 mm). For clarity, the illustration shows a large channel
diameter.

2. The single-channel model problem

Fig. 1 shows a typical monolith structure and the
particular single-channel geometry used in this study.
Since every channel within the monolith structure be-
haves essentially alike, only one channel needs to
be analyzed. Also, a cylindrical channel is used to
approximate the actual shape of the channels.

A model problem forms the basis for quantitative
comparison of three modeling approaches. The prob-
lem considers the flow of a 2.91% methane-in-air
mixture that enters a single 2 mm diameter 100 mm
long cylindrical channel. The channel walls are
assumed to be platinum and held at a fixed temperature
of Tw = 1290 K, which corresponds to equilibrium
flame temperature (constrained enthalpy–pressure
chemical equilibrium) for atmospheric pressure and
an initial temperature of 600 K. For the Navier–Stokes
and boundary-layer models, a 10 mm entry region
has been imposed where there is no catalytic ac-
tivity. Over the latter 5 mm of the entry region,
the wall temperature is ramped up linearly from
Tin = 600 K to Tw = 1290 K. For the Navier–Stokes
and boundary-layer models, the inlet gas enters the
channel at a uniform temperatureTin = 600 K. The
short inert-wall region is used simply to avoid any
computational complications associated with the cat-
alyst leading edge coinciding with the inlet bound-
ary conditions. In the plug-flow model, the mean
gas temperature is held fixed at the channel wall
temperature.

The flow conditions were chosen to represent a
range of gas-turbine-combustor conditions, cover-
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ing a range of physical parameters that include inlet
velocities from 0.5 to 5 m/s and pressures from 1
to 10 bar. These conditions can be characterized in
terms of a Reynolds number based on channel di-
ameter and inlet flow conditions, which was varied
over the range 20< Red = Vind/ν < 2000. The
upper limit of Red = 2000 was chosen to assure
laminar flow, hence removing turbulence modeling
from the model comparison. While turbulence may
have a very important impact on the performance of a
catalyst system, it does not affect the conclusions of
the model comparison considered here. It should be
noted that the validity of the boundary-layer approx-
imations improve as the Reynolds number increases.
Thus, at the high Reynolds numbers associated with
turbulent flow, a boundary-layer model is especially
appropriate. On the other hand, as the Reynolds num-
ber decreases, the stream-wise diffusion strengthens
relative to the convection. In this case, the accuracy
of boundary-layer model can be expected to decrease.
A later section of this paper provides a quantitative
discussion on the ranges of validity for the three
models.

3. The three models

3.1. The Navier–Stokes equations

Beyond assuming perfect-gas behavior, the laminar,
multicomponent, chemically reacting Navier–Stokes
equations have a few assumptions. Their solution pre-
dicts the axisymmetric velocity, pressure, temperature,
and species-composition fields in the channel. Mass
continuity:
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In these equations the independent variables are the
axial and radial spatial coordinatesz and r. The de-
pendent variables are: axial velocityu, radial velocity
v, species mass fractionsYk, temperatureT , and pres-
surep. Other variables are: mass densityρ, viscosity
µ, thermal conductivityλ, species enthalpieshk, and
specific heatcp. The species molecular weights are
given asWk and the mean molecular weight is repre-
sented asW̄ . The diffusive mass fluxJ that appears in
the species conservation equations is discussed sub-
sequently. The gas-phase species production by ho-
mogeneous chemical-reactioṅωk is retained in these
equations, but it is neglected in the solutions discussed
in this paper.

3.2. The boundary-layer equations

The notion of the boundary-layer approximations
were first developed in the early 1900s by Ludwig
Prandtl, leading to the first practical solution of vis-
cous flow problems. These well-known approxima-
tions [11] are applied widely in fluid mechanics. As the
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flow rate in the channel increases (i.e., high Reynolds
number) the boundary-layer approximations become
increasingly valid. Under these circumstances, the ax-
ial diffusive transport is diminished in comparison to
the radial diffusion and the convective transport. As
a result, all the second derivatives inz are elimi-
nated. The radial momentum equation is reduced to
the simple statement that there can be no pressure vari-
ation across the channel radius. Mathematically, the
character of the equations is changed from elliptic to
parabolic — a huge simplification, leading to much
more efficient computational solution.

Overall mass continuity:
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The boundary-layer equations form a system of
parabolic DAEs, with the time-like direction be-
ing the axial coordinatez. They are solved by a
method-of-lines procedure, wherein the radial deriva-
tives are discretized using a finite-volume procedure
[12,13]. The resulting system of DAEs are solved
using the DASSL software [6].

3.3. The plug-flow equations

The plug-flow equations eliminate all diffusive
terms. In the axial direction, diffusion is assumed to

be small compared to axial convective transport —
much the same assumption as in the boundary-layer
equations. In the radial direction, however, the diffu-
sive transport (mixing) is assumed to be so dominant
that there are no radial variations in the species com-
position. The plug-flow species-continuity equations
are written as
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where Ac = πr2
0 is the cross-sectional area of the

channel andA′
s = 2πr0 is the surface area per unit

length (i.e., the channel perimeter). The net mass flow
in the channelṁ = ρuAc is a constant. Thus, as the
species composition changes the density and velocity
vary accordingly. Bothρ andu are mean values with
no radial variations.

The second term on the left-hand side represents
the net mass addition (or depletion) from the gas flow
by surface reaction. For a catalytic wall, since there is
essentially no net mass exchange, this term vanishes.
The terms on the right-hand side represent the pro-
duction (or depletion) of gas-phase speciesk by sur-
face (̇sk) and gas-phase (ω̇k) reaction. For the present
model problem, the plug-flow is considered isothermal
at the catalyst-wall temperature. Therefore, a thermal
energy equation is not needed.

The plug-flow equations, together with the surface
chemistry conditions, form a set of DAEs that can be
solved along the length of the channel to determine
the mean species mass fractions. Here, the system is
solved using the PLUG code [7], which is part of the
CHEMKIN software package.

3.4. Transport and chemistry

In the above equations, the spatial components of
mass flux vectorJ are given as
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whereDkm are the mixture-averaged diffusion coeffi-
cients between speciesk and the remaining mixture,
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DT
k are the thermal diffusion coefficients, andXk are

the species mole fractions. The diffusion coefficients
as well as the thermal conductivity and viscosity,λ

and µ, all depend on the local mixture composition
and temperature [14]. In the calculations shown here,
thermal diffusion has been neglected. However, dur-
ing the course of the study thermal diffusion was in-
vestigated and shown to have a small effect.

The surface reactions produce and deplete both
gas-phase species and surface-adsorbed species. The
molar production rate of speciesk by heteroge-
neous reaction is represented asṡk. The boundary
condition required at the catalyst-wall is that the
gas-phase species mass flux produced by heteroge-
neous chemical-reaction must be balanced by the
diffusive flux of that species in the gas

ṡkWk = Jk,r + ρYkvst (k = 1, . . . , Kg). (15)

This equation serves as an implicit boundary condition
from which the gas-phase species mass fractionsYk at
the channel wall are determined. The Stefan velocity
vst is the surface-normal fluid velocity that is associ-
ated with a net mass exchange at a reacting surface.
For the steady-state catalytic processes studied here,
the Stefan velocity vanishes. Other boundary condi-
tions at the channel wall are thatu = 0 andT = Tw.
At the channel centerline, symmetry is used to specify
the required boundary conditions.

The surface reaction mechanism shown in Table 1
was developed by Deutschmann [15–18] and is used
in all the simulations in this paper. It consists of 24
heterogeneous reactions, involving seven gas-phase
species and 11 surface-adsorbed species. However, the
general conclusions of the model-comparison study do
not depend on the details of the reaction mechanism.

For the purpose of comparing the three flow mod-
els, gas-phase chemistry has been neglected. This is
primarily on account of the computational cost and
difficulties associated with including large number of
gas-phase chemical-reactions in the Navier–Stokes
model. As long as there is not a gas-phase combustion
ignition, neglecting the gas-phase chemistry has little
impact on the general conclusions of the study rela-
tive to the validity of the alternative models. A later
section of this paper considers the effect of includ-
ing gas-phase chemistry. The absence of a gas-phase
combustion ignition for the honeycomb channel flow
parameters used in this paper is verified. However,

under circumstances where a gas-phase flame is
present and stabilized by upstream diffusive transport,
then both of the two reduced models would be seri-
ously in error. Since both reduced models specifically
neglect upstream diffusion, essential elements of the
stabilization physics are not modeled.

3.5. Discretization and solution

The Navier–Stokes solutions are determined on a
nonuniform mesh network having 30 radial elements
and 131 axial elements. The radial mesh is concen-
trated near the channel walls and the axial mesh is
clustered near the beginning of the active catalyst.
This choice of meshing places the highest mesh con-
centration in the regions expected to have the largest
gradients in the solution. A mesh refinement study
confirmed that these choices for meshing lead to
mesh-independent results. The honeycomb channel
outflow boundary conditions correspond to zero dif-
fusion fluxes for all flow variables in the direction
normal to the exit plane.

The boundary-layer calculations use 30 radial mesh
points, which are concentrated near the channel walls.
The method-of-lines solution procedure automatically
picks the axial mesh spacing to assure numerical
stability and accuracy. Roughly 300–500 axial mesh
points are typical for the calculations reported here.
The finest axial meshing occurs near the beginning of
the active catalyst, which resolves the high gradients
in this region.

The plug-flow model has no radial meshing and the
axial step are chosen automatically by DASSL. The
axial steps are concentrated near the leading edge of
the active catalyst, with a few hundred steps being
used overall. The number of steps and their spacing
depends on the accuracy requested from the numerical
solution.

4. Comparison of the models

A hydrodynamic boundary layer begins to develop
immediately as the unreacted flow enters the channel.
A thermal boundary-layer begins to grow atz = 5 mm
as the wall temperature ramps linearly from the inlet
temperature ofTin = 600 K to the final catalyst-wall
temperature ofTw = 1290 K at z = 10 mm. At
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Table 1
Reaction mechanism for methane combustion on a Pt surface

Reaction Aa βa Ea

(1) H2 + 2Pt(s) → 2H(s) 4.46× 1010 0.5
The reaction rate is first-order in Pt(s)
The reaction has an equivalent sticking coefficient of 0.046

(2) 2H(s) → H2 + 2Pt(s) 3.7 × 1021 67.4
The reaction rate is modified by an activated H(s) coverage,b i.e.,
k = ATβexp(−E/RT) × exp(−ε[H(s)]/RT), where the activation parameterε = −6 kJ/mol

(3) H + Pt(s) → H(s) 1.00c

(4) O2 + 2Pt(s) → 2O(s) 1.8 × 1021 −0.5
(5) O2 + 2Pt(s) → 2O(s) 0.023c

Reactions (4) and (5) represent alternative competing pathways
(6) 2O(s) → O2 + 2Pt(s) 1.8 × 1021 213.2

The reaction rate is modified by an activated O(s) coverage
The activation parameterε = −60 kJ/mol

(7) O+ Pt(s) → O(s) 1.0c

(8) H2O + Pt(s) → H2O(s) 1.0c

(9) H2O(s) → H2O + Pt(s) 1.0 × 1013 40.3
(10) OH+ Pt(s) → OH(s) 1.0c

(11) OH(s) → OH + Pt(s) 1.0 × 1013 192.8
(12) H(s) + O(s) ↔ OH(s) + Pt(s) 3.7 × 1021 11.5
(13) H(s) + OH(s) ↔ H2O(s) + Pt(s) 3.7 × 1021 17.4
(14) OH(s) + OH(s) ↔ H2O(s) + O(s) 3.7 × 1021 48.2
(15) CO+ Pt(s) → CO(s) 1.618× 1020 0.5

The reaction rate is second order in Pt(s)
The reaction is equivalent to a sticking coefficient of 0.84

(16) CO(s) → CO+ Pt(s) 1.0 × 1013 125.5
(17) CO2(s) → CO2 + Pt(s) 1.0 × 1013 20.5
(18) CO(s) + O(s) → CO2(s) + Pt(s) 3.7 × 1021 105.0
(19) CH4 + 2Pt(s) → CH3(s) + H(s) 4.63× 1020 0.5

The reaction rate has a 2.3 order dependence on Pt(s)
The reaction is equivalent to a sticking coefficient of 0.01

(20) CH3(s) + Pt(s) → CH2(s)s+ H(s) 3.7 × 1021 20.0
(21) CH2(s)s+ Pt(s) → CH(s) + H(s) 3.7 × 1021 20.0
(22) CH(s) + Pt(s) → C(s) + H(s) 3.7 × 1021 20.0
(23) C(s) + O(s) → CO(s) + Pt(s) 3.7 × 1021 62.8
(24) CO(s) + Pt(s) → C(s) + O(s) 1.0 × 1018 184.0

aArrhenius parameters for the rate constants written in the form:k = ATβexp(−E/RT). The units ofA are given in terms of moles,
cubic meters, and seconds.E is in kJ/mol.

bThe surface coverage (e.g., [H(s)]) is specified as a site fraction.
cSticking coefficient. Total available site density for Pt is0 = 2.7 × 10−9 mol/cm2.

z = 10 mm the channel wall becomes catalytically
active. The surface chemistry now begins to consume
fuel and oxidizer and to release products into the
gas. As a result, relatively complex gas-phase species
distributions develop.

Figs. 2 and 3 show species contour maps that com-
pare the CH4 and CO2 mass fractions from both the
Navier–Stokes and boundary-layer models. They are
compared at conditions leading to Reynolds numbers

of 200 and 2000. The Reynolds numbers (Red =
Vind/ν) are evaluated using the fluid properties at the
inlet conditions. The two models yield results that are
in very good agreement. Even at Reynolds numbers
as low as 20, the Navier–Stokes and boundary-layer
models agree very well.

In each of the contour-plot comparisons, it is ap-
parent that the species contours are a little bit more
“spread out” in the Navier–Stokes solutions than in
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Fig. 2. Comparison of the CH4 mass fraction contour maps for the
Navier–Stokes (lower panels) and boundary-layer (upper panels)
models. The upper channel showsRed = 200 case and the lower
channel shows aRed = 2000 case. For visual clarity, the radial
coordinate has been multiplied by a factor of 20. In fact, the
channel is much narrower than it appears.

the boundary-layer solutions. This is the anticipated
result since the axial diffusive terms are neglected in
the boundary-layer equations.

4.1. Mean species profiles

The plug-flow model yields solutions that must
be considered as spatially averaged in the radial di-
rection. Thus, to compare plug-flow solutions with

Fig. 3. Comparison of the CO2 mass fraction contour maps. All
other conditions same as in Fig. 2.

Fig. 4. Axial profiles of the mass-averaged CH4, H2O, and CO2

mass fractionsȲk at Red = 200.

results of the other two models, it is necessary to deter-
mine radially averaged species compositions from the
Navier–Stokes and boundary-layer solutions. Specif-
ically, at a given axial location, the mass-weighted
radially averaged mass fraction can be determined as

Ȳk =
∫ r0

0 ρuYkr dr∫ r0
0 ρur dr

. (16)

Figs. 4 and 5 show selected axial profiles of major
gas-phase species mass fractions for Reynolds number
of 200 and 2000. Each figure overlays the results from
the three models. In all cases, the plug-flow model
predicts a more rapid fuel consumption and creation
of products. This is the anticipated behavior, since the
inherent radially homogeneous nature of the plug-flow

Fig. 5. Axial profiles of the mass-averaged CH4, H2O, and CO2

mass fractionsȲk at Red = 2000.
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model imposes more intimate interaction between the
gas and the surface. In reality, a species boundary-layer
inhibits mass-transfer between the gas and the sur-
face. As discussed in a later section, mass-transfer co-
efficients can be used to represent the resistance to
mass-transfer between the catalytic surface and the
mean gas composition.

At Red = 200 the conversion is nearly complete
by the exit of the 100 mm channel. As they must af-
ter complete conversion, all three models predict es-
sentially the same major-species composition at the
exit. The Navier–Stokes and boundary-layer profiles
are essentially indistinguishable. At Reynolds num-
ber 2000 (Fig. 5) the plug-flow model again predicts
nearly complete conversion by the channel exit. The
other two models, however, reveal far less conversion.
As seen in the contour maps (Figs. 2 and 3), at high
Reynolds number unreacted gas near the centerline
penetrates far into the channel. At sufficiently high
flow rates, for a given channel dimension, there can
be considerable “slip” of unreacted gases exiting the
monolith.

Fig. 6 shows mass-averaged CO mass fraction pro-
files for the three models and at three Reynolds num-
bers. The Navier–Stokes and boundary-layer models
are in good agreement. However, the plug-flow results
are in substantial disagreement, with even the func-
tional form of the profiles varying at the high Reynolds
numbers. For reasons that will be discussed subse-
quently, for a fixed-length channel, the plug-flow as-
sumptions become better at lower Reynolds numbers.

Fig. 6. Axial profiles of the mass-averaged CO mass fractionsȲk

for Reynolds numbers of 20, 200, and 2000.

Fig. 7. Comparison of the axial profiles of major-species sur-
face site fractions for the three models. All simulations are at
Red = 2000.

The calculations presented in Fig. 6 have uniformly
neglected gas-phase chemistry. Even though the re-
sults provide a good comparison of the performance
of the three models, it must be noted that homoge-
neous chemistry has a substantial contribution on the
CO profiles. A later section discusses the influence of
gas-phase chemistry on the minor-species concentra-
tions and the implications for the three models.

Figs. 7 and 8 show axial profiles of the catalytic-wall
surface site fractions for selected surface species at
Red = 2000. The major species, adsorbed oxygen
and open platinum sites, are substantially the same

Fig. 8. Comparison of the axial profiles of minor-species surface
site fractions for the three models. Surface coverages of CO2(s)
and the three CHx(s) species are less than 10−7. All simulations
are atRed = 2000.
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for all models. The adsorbed OH(s) in the plug-flow
model deviates from the other models initially, but
quickly comes to the same asymptotic value. Both
the Navier–Stokes and boundary-layer models show
excellent agreement for the minor surface species. The
plug-flow results, however, are substantially different
in magnitude and shape for some of these species.

5. Ranges of validity

The validity of the alternative models can be under-
stood in the context of competing time scales for con-
vective and diffusive transport in the axial and radial
directions. For flow in a channel, the axial convective
time scale can be represented as

τz,C ∼ L

V
, (17)

whereL is the channel length andV is a characteristic
mean fluid velocity. The axial diffusive transport is
given as

τz,D ∼ L2

D
, (18)

whereD is a characteristic diffusion coefficient. The
ratio of these two time scales yields

τz,C

τz,D
∼ L

V

D

L2

νd

νd
= d

L

1

RedSc
, (19)

whered is the channel diameter,ν the kinematic vis-
cosity of the flowing gas, andSc= ν/D. (The unity
ratio νd/νd = 1 has been introduced to facilitate in-
troduction of the Reynolds and Schmidt numbers.)
The underlying assumption in both plug-flow and in
boundary-layer flow is that axial diffusive transport
over the length scaleL is negligible compared to axial
convective transport. This implies thatτz,C � τz,D,
and hence

RedSc
L

d
= ReLSc� 1. (20)

In the above expressionReL is the Reynolds number
based on the length scaleL.

The plug-flow model assumes that there are no ra-
dial variations in the solution, i.e., both the radial dif-
fusive and convective transport time scales are much
shorter than the axial transport time scales. Moreover,

it is safe to assume that the radial diffusive time scales
are short compared to radial convective time scales,
i.e., diffusion is much more effective than convection
in radial mass transport. Thus, sinceτz,C � τz,D, it
follows that

τr,D = d2

D
� L

V
= τz,C. (21)

Recasting this relationship in terms of dimensionless
groups yields

Vd

ν

ν

D
= RedSc� L

d
. (22)

Considering the two plug-flow assumptions to-
gether yields practical bounds on range over which
the plug-flow assumptions are valid.

d

L
� RedSc� L

d
. (23)

For the specific catalytic-channel problem considered
in this paper,L/d = 100/2 = 50. Further, for the lean
fuel–air mixtureSc≈ 1 for most species. Therefore,
for the present channel geometry, the plug-flow model
should be valid roughly in the range 0.02 � Red �
50.

It is also interesting to note that the plug-flow model
becomes valid again at very high Reynolds numbers
where the channel flow becomes fully turbulent, i.e.,
for Red � 2300. In the fully-turbulent flow regime the
characteristic species diffusion coefficientD in Eqs.
(18) and (21) can be replaced by a characteristic tur-
bulent diffusion coefficientDT. Following the analysis
just described, but replacing the Schmidt numberSc
by a turbulent Schmidt numberScT = νT/DT, where
νT is the turbulent kinematic viscosity, the range of
validity of the plug-flow model can be written as

d

L
� RedScT

ν

νT
� L

d
. (24)

The turbulent Schmidt numbers are typically close
to unity and the ratio of the turbulent to the lami-
nar kinematic viscositiesνT/ν scales with the flow
Reynolds numbersRed [19], yielding a validity range
of 0.02Red � Red � 50Red for the plug-flow model.
This relationship is always true and hence a plug-flow
model is usually valid in the fully-turbulent regime.

The boundary-layer model becomes increasingly
valid at high Reynolds number, i.e.,Red � (d/L) or
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Fig. 9. Comparison of the CH4 and CO mass fraction contour
maps for the Navier–Stokes (lower panels) and boundary-layer
(upper panels) models. Both simulations are forRed = 20. For
visual clarity, the radial coordinate has been multiplied by a factor
of 20. In fact, the channel is much narrower than it appears.

ReL � 1. Some judgement is needed in consideration
of the length scaleL. Consider the species contours
illustrated in Fig. 9 forRed = 20. If the length scale
L is the entire channel length then the entire “com-
bustion event” appears to occur over a very small dis-
tance at the leading edge of the catalyst. The contour
lines are nearly vertical — just the assumption in the
plug-flow model. As viewed over the entire channel
length, the Navier–Stokes and boundary-layer solu-
tions are in reasonable agreement, even for a “low”
Reynolds number of 20.

If the principal interest is in the details of the so-
lution in the immediate vicinity of the catalyst lead-
ing edge, then the axial length scale of interest is very
much smaller than the channel length. If the contour
plots in Fig. 9 were to be compared over this small
region alone, there would appear to be rather large dif-
ferences between all the models. The plug-flow model
would be very bad at this reduced length scale, even
though it appears excellent on the scale of the channel
length.

At very high Reynolds number the boundary-layer
model is likely preferable to the Navier–Stokes model.
The assumptions on which it is based are excellent
and the computation cost is greatly reduced. Again,
judgement is required as to the specific interest in the
simulation and the appropriate scales involved. For

example, even at very high Reynolds numbers, if the
objective is to study the fine details around the leading
edge of the catalyst, then the Navier–Stokes models
must be used.

All the models are capable of handling gas-phase
homogeneous chemical-reactions. However, if gas-
phase flame is ignited in the channel, then neither
the boundary-layer nor the plug-flow models are ap-
propriate. In this case, the axial diffusive transport is
important to the flame-stabilization mechanism. Since
the axial diffusion is specifically neglected, then the
models do not represent a critically needed physical
process.

6. Mass-transfer coefficients

In principle, plug-flow models can incorporate
mass-transfer coefficients that improve their accuracy.
An underlying assumption in plug-flow models is that
the species compositions have only axial variation.
Mass-transfer coefficients can be used to approximate
the “resistance” to species mass transport between
the mean composition and the composition at the
reacting channel surface. This approach is especially
useful when the mass-transfer coefficients can be
determined quantitatively, or reliably estimated, for
a range of flow situations. For the complex surface
chemistry and the short channels considered here, the
mass-transfer coefficients are not easily correlated in
a general way. Nevertheless, they can be determined
quantitatively from analysis of the boundary-layer or
Navier–Stokes solutions.

The mass-transfer coefficients are defined by the
following relationship:

Jk,r = hk(ρk,s − ρk,m) = hk(ρsYk,s − ρk,m)

(k = 1, . . . , Kg), (25)

whereJk,r is the radial component of the species mass
fluxes at the channel wall,hk the species mass-transfer
coefficients,ρk,s the species mass densities at the chan-
nel surface,ρk,m the radially averaged mean species
mass densities,ρs the mixture mass density of the
gas at the channel surface, andYk,s are the gas-phase
species mass fractions at the channel surface.

In general, the mass-transfer coefficients will be dif-
ferent for each species and will vary as a function of
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the axial position in the channelhk(z). Given the full
solution for the channel flow field, the mass-transfer
coefficients can be determined from

hk = Jk,r

(ρsYk,s − ρk,m)

= ṡkWk

(ρsYk,s − ρk,m)
(k = 1, . . . , Kg). (26)

As noted in Eq. (15), at the channel surface the dif-
fusive flux of gas-phase speciesJk,r is balanced by
the production of gas-phase species through hetero-
geneous reactioṅsk. Since the Navier–Stokes and
boundary-layer models compute the surface mass
balance, the numerators on the above equations
can be easily determined. The radially averaged
gas-phase species mass densities are determined
from the boundary-layer or Navier–Stokes solutions
as

ρk,m = ρ̄Ȳk (k = 1, . . . , Kg), (27)

where the radially averaged density is calculated from

ρ̄ =
∫ r0

0 ρr dr∫ r0
0 r dr

. (28)

In these equations,r0 is the channel radius,ρ the lo-
cal gas-phase mass density,Ȳk the averaged gas-phase
species mass fractions as defined in Eq. (16).

The mass-transfer coefficients can be represented
in nondimensional form using the species Sherwood
numbers

Shd,k = hkd

Dkm

, (29)

where the channel diameterd is used as the length
scale. Fig. 10 shows the computed axial profiles of
the species Sherwood numbers for three different
Reynolds numbers. The abscissa begins at a value of
z = 1, which is the leading edge of the active catalyst.
As expected, the mass-transfer coefficients (Sher-
wood numbers) have high values at the leading edge
and generally decrease downstream toward an asymp-
totic value of aroundShd ≈ 3.7. The high initial
values are associated with the very thin mass-transfer
boundary layers that begin to develop at the catalyst
leading edge. For simple wall boundary conditions,
the Sherwood numbers decrease monotonically to an
asymptotic value far downstream. For the relatively

Fig. 10. Axial profiles of selected species Sherwood numbers,
Shd,k = hkd/Dkm, for three different Reynolds numbers. These
profiles were derived from the boundary-layer solutions.

complex heterogeneous chemistry in the catalytic
channels, the mass-transfer coefficients evidently do
not have simple monotonic behavior.

It is apparent from all the figures that a low Reynolds
number flow leads to the active chemistry being con-
fined to a relatively short region in the vicinity of
the active catalyst. High Reynolds numbers cause the
chemistry behavior to persist farther into the channel.
Comparing the Sherwood number behavior in Fig. 10
it is apparent that atRed = 20, and evenRed = 200,
the Sherwood numbers are approaching their asymp-
totic values by the channel exit. AtRed = 2000, how-
ever, the asymptotic values are not achieved within the
fixed channel length. When the high Reynolds num-
ber calculations are carried much further downstream,
the asymptotic values are achieved. These qualitative
observations would tend to support the notion that the
channel length could be scaled by the Reynolds num-
bers, leading to more generalized results.

It would be highly desirable to develop general-
ized correlations between the Sherwood numbers and
nondimensional groups that characterize the flow. The
mass-transfer equivalent of the so-called Graetz prob-
lem [19] would suggest that the Sherwood numbers
can be correlated as a function of the species Graetz
numbers

Gz−1
k = x/d

RedSck
, (30)
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where the species Schmidt numbers are given as

Sck = ν

Dkm

. (31)

In fact, Hayes and Kolaczkowski [20] have previously
attempted to determine such correlations for heteroge-
neous oxidation of methane in a honeycomb monolith
channel where a single first-order surface reaction was
implemented. The Graetz number correlations can be
derived for laminar flow with constant gas-phase com-
position at the surface or for constant surface reaction
rates. In the problem here, neither situation occurs. No
general Sherwood number correlations can be found
and this finding is consistent with those of the pre-
vious study [20]. Nevertheless, beyond the very high
values in the immediate vicinity of the leading edge,
the Sherwood numbers are all roughly in the range
1 ≤ Shd ≤ 6.

Assuming that the mass-transfer coefficients can
be determined from correlations or simply estimated,
their utility is realized only after they are incorpo-
rated into the plug-flow simulations. The plug-flow
mass-balance equation is still stated as

ρuAc
dYk

dz
+ YkA

′
s

∑
gas

ṡkWk=Wk(A
′
sṡk + Acω̇k). (32)

However, the surface reaction rateṡk is no longer eval-
uated at the mean mass fractionYk, but at the gas-phase
mass fraction at the surface. These species mass frac-
tions,Yk,s, are determined from

hk(ρsYk,s − ρk,m) = ṡkWk (k = 1, . . . , Kg). (33)

Eq. (33) is an implicit nonlinear algebraic relation-
ship between the heterogeneous reaction rates and the
gas-phase composition at the surface. It must be solved
simultaneously with the mass-continuity equation, Eq.
(32). It is relatively straightforward to implement such
an algorithm into a differential-algebraic solver such
as DASSL.

7. Effect of gas-phase chemistry

To study the effect of gas-phase chemical reactions,
the GRI mechanism, version 1.2 [21], was incorpo-
rated into the boundary-layer model. The mechanism
considers 32 gas-phase species and 177 reactions.

Fig. 11. Comparison of mass-averaged mass fractions of gas-phase
species for boundary-layer calculations with and without gas-phase
chemistry. Flow conditions correspond to theRed = 2000 case.
Solid curves are for calculation with gas chemistry and broken
lines are for calculation without gas chemistry.

Fig. 11 shows results for theRed=2000 case, com-
paring the mass-averaged mass fractions of important
gas-phase species, with and without the gas-phase
chemistry. Clearly, the gas-phase chemistry plays a
relatively small role in determining the concentra-
tion of the major species, i.e., CH4, CO2, and H2O.
The consumption of CH4 and the production of CO2
and H2O are largely controlled by the surface chem-
ical behavior. However, concentration of the minor
species, e.g., OH and CO, is controlled mainly by the
gas-phase chemical behavior. Excluding gas chem-
istry results in serious underprediction of the CO mass
fraction and overprediction of the OH mass fraction.
However, it is clear that no gas-phase combustion
ignition occurs for these conditions.

Fig. 12 compares the surface chemical state for
the same boundary-layer calculation with and without
gas-phase chemistry. The site fractions of most sur-
face species are virtually independent of whether or
not gas-phase chemistry is included in the calculations.
For surface species that exist in very low concentra-
tions, such as adsorbed carbon, C(s), differences are
seen between the two calculation results.

Overall, the general conclusions drawn from the
previous calculations, that compare the three alter-
native flow models, are not affected by inclusion of
gas-phase chemistry. However, caution must be exer-
cised when inferring the behavior of minor species in
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Fig. 12. Comparison of surface species site fractions for
boundary-layer calculations with and without gas-phase chemistry.
Flow conditions correspond to theRed = 2000 case. Solid curves
are for calculation with gas chemistry and broken lines are for
calculation without gas chemistry.

the gas since gas-phase chemistry plays a dominant
role in determining their concentrations.

8. Conclusions

Three alternate models for the flow and hetero-
geneous chemistry in a catalytic channel have been
developed and compared for a range of conditions
typical of catalytic-combustion monoliths. The range
of validity for these models can be established by
comparing solutions of a model problem. The valid-
ity ranges can also be estimated by consideration of
competing time scales. The Navier–Stokes models
have very few assumptions and are thus valid in the
most general setting. However, they are computa-
tionally expensive. For moderate to high Reynolds
numbers, the boundary-layer models provide accurate
results at much lower computational cost. Plug-flow
models are computationally inexpensive, but their
range of validity is limited. Mass-transfer coefficients
can potentially extend the applicability of plug-flow
models, although there appears to be no simple quan-
titative correlation to determine them. The presence
of homogenous reaction has only a small effect on
the prediction of major species concentration in the
gas-phase. Concentration of minor species in the

gas are primarily determined by the gas-chemical
behavior. The surface site fractions of most surface
species are independent of homogenous chemical
reactions.
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